We improve the isoperimetric inequality of Coulhon and Saloff-Coste following a method of mass transport proposed by Gromov.
Introduction
The isoperimetric inequality proved in 1993 by Coulhon and Saloff-Coste is related to the growth of finitely generated groups [1, Théorème1, page 295] . Let Γ be a finitely generated group and S = {a ±1 1 , ..., a ±1 m } ⊂ Γ a finite symmetric set of generators Γ. The length ||g|| of an element g ∈ Γ is the minimal integer n such that g can be written as g = a 1 i1 · · · a n in with 1 , ..., n ∈ {−1, +1}. Let e ∈ Γ be the identity element and r ∈ N, we denote by B(e, r) := {g ∈ Γ : ||g|| ≤ r} the ball of center e and radius r. The growth function of Γ (relative to S) is defined by γ(r) := Card(B(e, r)) for r ∈ N and the inverse growth function is defined by φ S (v) := min{r ∈ N : Card(B(e, r)) > v} for v ∈ N.
The Coulhon Saloff-Coste's inequality [3, Theorem 3.2, page 296] tells us that for an infinite finitely generated group Γ, with S as above and for all D ⊂ Γ finite, ∂ C D := {x ∈ D : ∃s ∈ S : x · s ∈ Γ\D} we have:
.
This result can be expressed in terms of a slightly different definition of the boundaries. Following [2, page 348] we define the boundary of a finite subset D ⊂ Γ by ∂D := {a ∈ Γ : dist(a, D) = 1}. It is straightforward to show that |∂D| ≤ |S| · |∂ C D|. Hence the Coulhon Saloff-Coste's inequality is a consequence of the following inequality:
The main part of this article focus on improving the last inequality by a factor 2, by following Gromov's idea based on a mass transport method [2, pages 346 -348] .
Our main result is the following: Theorem 1.1. Let Γ be a non trivial finitely generated group with generator S = S −1 , Card(S) < ∞. For all finite non empty subset D ⊂ Γ such that Card(D) < Card(Γ) 2 , we have:
We note that if Γ is infinite then the hypothesis Card(D) < Card(Γ) 2 is always verified since Card(D) < ∞. The inequality in the Theorem improves the lower bound in [3, Theorem 3.2, page 296] by a factor 2, furthermore the choice of the definition of the boundary ∂D = {a ∈ Γ : dist(a, D) = 1} allows us to obtain a strict inequality in the previous theorem. However our inequality is not optimal: as an example if we choose Γ = Z and S = ±1, the non strict inequality can be improved by a factor 4.
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Mass transport according to Gromov in a finitely generated group
Let D ⊂ Γ be a finite subset, we transport D or an element of Γ by left translation. The left translation by γ ∈ Γ, is the map δ → γδ , for any element δ ∈ D. Here Γ is equipped with the metric associated to S, which is invariant by right multiplication, namely dist Γ (δ, γ · δ) = ||δ · (γ · δ) −1 || = ||γ||, therefore δ is moved by a distance ||γ|| and as we prove in the lemma below, the amount of mass which is transported out of D does not exceed ||γ|| · Card(∂D). In the following we consider d ∈ R * + . Definition 3.1. Let ϕ d be the smoothing of ϕ by the smoothing kernel:
for all x, y ∈ Γ.
We define ϕ d as:
, for all ϕ probability density function.
We compute ϕ d according to its definition for ϕ := 1 D the characteristic function of D:
Card (B(e, d) ) . Proof. We calculate the following variation: We notice that for all y ∈ D ,
Card (B(y, d) 
Furthermore for x ∈ Γ we get: Proof. Let ϕ = 1 D . We have:
Let f : Γ → R + , f (x) = Card(xD \ D). We have: f (x).
Which implies:
By (5), (6) and (i) Lemma3.1 we obtain that :
This ends the proof of the Proposition.
Now we want to show that:
Proof. First chosse s 1 , ..., s k ∈ S such that γ 0 = s k · · · s 1 with k = ||γ 0 || S . Let x ∈ γ 0 D \ D. Then x = γ 0 ω x with ω x ∈ D, therefore γ −1 0 · x = ω x ∈ D. We note M x = max 1≤n≤k {n : s n · s n−1 · · · s 1 · ω x ∈ ∂D}.
We define
where geometrically f (x) is the first point of ∂D that intersect the geodesic path from x to ω x defined by the choice of s 1 , ..., s k . (Remenber that our word metric is right invariant). We illustrate geometrically this definition in Figure 1 and Figure 2 . Let us first demonstrate the following lemma.
Proof. If f −1 (z) is non empty, we fix x ∈ f −1 (z) such that M x is maximal among the points of f −1 (z). Let y ∈ f −1 (z). We compare the writing of f (x) with the one of f (y) 
Thus y = γ 0 ω y = γ 0 g −1 hgω x and g −1 hg is completely determined by the value of M y . We have 1 ≤ M y ≤ M x ≤ k ≤ d. Thus we have d possibilities for y.
This completes the proof of the lemma.
We consider the application f : γ 0 D\D → ∂D. According to the previous result each point of ∂D has at most d preimages. Therefore This ends the proof of the proposition.
As mentioned in the introduction the following theorem is our main result.
Theorem 3.2. Let Γ be a non trivial group finitely generated by S = S −1 , Card(S) < ∞. For all finite non empty subset D ⊂ Γ such that Card(D) < Card(Γ) 2 , we have: Card(D) ) .
Proof. By definition φ S (v) = min{r : Card(B(e, r)) > v}.
We choose d minimum such that Card (B(e, d) ) > 2 · Card(D), which means φ S (2 · Card(D)) = d. Furthermore, applying Proposition 3.1 and Proposition (Half mass transportation), we obtain: d · Card(∂D) > Card(D) 2 therefore Card(∂D) Card(D) Card(D) ) .
This finishes the proof of the theorem.
